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1 Introduction 



The continuous symmetries of physical systems are reflected not only by 
conservation laws, but also by constraints on the probability or particle dis- 
tribution functions, and phase-space reduction. 

Similarly to the cohomology groups [1], defined in terms of finite cover- 
ings by open sets, the statistical distributions are defined with respect to 
the partition of the phase-space in "elementary cells". In general, this space 
is the cotangent fibration over a configuration space which is homogeneous 
for the action of a kinematical symmetry group, such as 5*0(3, R) or Galilei. 
When a many-particle equilibrium distribution of minimum energy breaks 
to some extent this symmetry, then it defines an "intrinsic frame", and the 
low-energy dynamics of the system can be described in terms of collective 
modes. 

This work presents 1 , following [2, 3] as main references, the elements of 
the formalism involved in the treatment of Hamiltonian dynamical systems 
with symmetry. The "momentum map" provided by the set of invariant ob- 
servables is presented in Section 2. The related Marsden-Weinstein reduction 
of the phase-space is discussed in Section 3. The geometrical approach to 
collective motion is formulated and illustrated in examples in Section 4. 

2 Symplectic actions and the moment map 

Let M be a smooth manifold. An action to the left of the Lie group G on 
M is a smooth map $:GxM4M such that 

i) Vm G M, $(e, m) = m, 

ii) Vg, he G, Vm G M, $(g, mj) = $(gh, m). 
The orbit of m G M is 

G-m = {<£(g,m)/g G G} . 

The action is transitive if G • m — M, Vm G M. In this case M is called a 
homogeneous space. The isotropy group of $ at m G M is 

G rn = {ge G/<$>(g,m) = m} . 

1 the next sections are based on the notes of the seminars "Lie algebras" and "Dynamical 
symmetries and collective variables" given in 1987-1989 at the Institute of Atomic Physics 
from Bucharest. 
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This subgroup is closed because $ m : G h- y M, $ m (g) = &(9, m ) is continu- 
ous, and G m = ^^(m). 

Let $ be an action of G on the symplectic manifold (M,u). This action 
is symplectic if u is invariant to $ 9 ($ 9 (m) = $((?,m)), 

$*u; = w , Vg e G . 

Let $ : G x M i-> M be a smooth action, and £ G T e G = g. Then $ ? : 
Rxl4l defined by 

&(t,m) = $(e* € ,m) , t G R 

is an R-action on M, and $^ is a current on M. The corresponding vector 
field given by 

is the infinitesimal generator of the action induced by £, and 
with Ad g £ = T e R g -iL g £ (Appendix 1). 

Proposition 1. Let $ be an action to the left of G on M, and $ m : G (->■ M 
defined by $ m (<?) = $(<?, m), Vm G M. Then: 

for any u> G f2 y (M), (^-invariant ($gOJ = w), one can define a map 2 
E:M^A«(g), 

E(ro) = $> . 
m^) the map E is a G-morphism (equivariant): 

Theorem 1. Any symplectic action of a Lie group G on (M, w) defines a 
G-morphism E : M t— > Z 2 (g) such that: 
E(M) is a union of G-orbits in Z 2 (g). 
ii) if the action of G on M is transitive, then E(M) is a single orbit. 
Let E G Z 2 (g), g = T e G, considered as a 2- form on G, and 

g s = {£ e g/^S = 0} , = {£ e g/^S = 0} , 

2 A fe (g) is the set of £:-forms on g (the left-invariant subset of fl k (G)), Z k (g) = {u e 
A k {g),dcu = 0}, H k {g) = Z k (g)/B k (g) = Ker d(\ k ) / d\ k ~ x . 
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where = i^d + di^ denotes the Lie derivative. Thus, gs is the isotropy 
algebra of S, while the connected group generated by is the leaf 
through the identity e G G of the characteristic (null) foliation of E. 
Proposition 2. For E G Z 2 (g), if if s is closed in G, then M 2 = G/H^ is a 
symplectic manifold, and the orbit in Z 2 (g) associated with M s is the orbit 
of G through E. 

Proof: Let 7r : G i— >■ Ms be the projection 7r(g) = gi/s- Considering ifs = 
m G M E , then 7r m (#) = gm = $ m (g), and 7r = $ m , E = 7r^w y. 
Proposition 3. The G-orbits through the elements E G Z 2 (g) having Hy, 
closed are covering spaces for symplectic manifolds (M, u>) on which G acts 
transitively. 

Proof: Let M = G/H. If i^ M w = then tjm = and 77 G h. Thus, if 
E = tt*lu then h s = {£ G h} = h, iJ s is the connected component of H, and 
Me = G/Hy. is covering space for M y. 

Example. (Kostant - Souriau): If E = dfl, (3 G g*, then i?E is closed, and 
represents the connected component of the group 

Hp = {g £ G/Ad*-il3 = f3} . 

Thus, G/Hy is covering space for the orbit G • j3 ~ G/ Hp. 

Theorem 2, (Kostant-Souriau): If i? 1 (g) = H 2 (g) = {0}, then any symplectic 

manifold, homogeneous for G, covers a G-orbit in g* [4]. 

Proof . If # 2 (g) = {0} then Vw G Z 2 (g) has the form u = dj3, j3 G g*, 

and H w is closed. However,if /^(g) = {0} then V/3 G Z 1 (g), f3 = 0, so that 

G Z 2 (g), 00 = dj3 with /3 unique y. 
Proposition 4- Let us consider w G Z 2 (g), left-invariant on G. Then: 

the subalgebra h w of minimal dimension is commutative. 
ii) if M is a homogeneous symplectic space with maximal dimension, then 
Vm G M, the connected component of the isotropy group G m is abelian. 
Proof, i) Assume oj t = u + t<Z# with 9 G f2 1 (G), left-invariant. If dim^^) is 
minimal, then dim(\\ Ut ) = c&m(h w ), and V£ G h w can be extended to a curve 
6 = f + ^ + 0(t 2 ) G h wt . As i C( w t = 0, 9([£,r]}) = V0, such that [£,??] = 0. 
ii)Ii M ~ G/H has maximal dimension then ZZ has minimal dimension, and 
h = h w is abelian y. 

Let $ : G x M 1— )■ M be a symplectic action of G on (M, w). The action 
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$ is strongly symplectic 3 (Hamiltonian) if there exists a (comomentum) map 

such that i£ M u = d\^. A strongly symplectic action $ is strongly Hamilto- 
nian if A is a G-morphism (equivariant), namely 

§* g -i\ = \ o Ad g , 

and the diagram 

m- R H> T(M) I— >■ ham(M) i— >■ 
a\ t 
g 

commutes. 

Let $:GxMi— >Mbea symplectic action on the connected symplectic 
manifold (M, o>). Then J : M i— > g* is a moment map for the action $ if 
V£ G g 

i^w = dJ(f) 

where J(£) : M (->■ R is defined by J(£) m = J m ■ £, = (J m ,0- I n particular, a 
Hamiltonian action $:GxM4M defines a moment map by J(£) = A^. 
Proposition 5. Let M be a symplectic connected manifold and $ : G x M \-¥ 
M a symplectic action with the moment map J. For any a G G and £ G g 
one defines the map Z a (£) : M (->■ R, 

z a (o = $:-iJ(o-^(M.o • 

Then 

Z a (£) is a constant on M and defines a map Z : G i— >■ g*, (Z a ,£) = Z a (£), 
called coadjoint cocycle. 

iij Z satisfies the identity Z ab = Z a + Ad* a - x Z h . 

Proof. M is connected and dZ a (^) = on M, such that Z a (0 is a constant 
V- 

3 If H 1 (M, R) = {0} then every closed 1-form is exact, and every symplectic action is 
strongly symplectic. 
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One should note that the cocycle Z : G i— > g* defines an infinitesimal 
cocycle u G Z 2 (g), by 

u&r,) = f t u=oz expm (v) = - m,v\) ■ (i) 

A coadjoint cocycle A : G i— > g* is coboundary if there exists /i G g* such 
that 

A a = fi- Ad* a [i . 
Similarly to (1), A defines an infinitesimal coboundary 5 G B 2 (g) by 

8(£,V) = ^|t=oA eX p Kt )(?7) = -fi-[t,rj\ , S = dfi . 

The set of the equivalence classes [Z] of the cocycles-mod-coboundaries is 
the (deRham) cohomology space 4 H 2 (G, R) of G. 

Proposition 6. Let J\ and J2 be two moment maps for the symplectic action 
$ : G x M !->■ M, with cocycles Zi and Z 2 . Then [Zi] = [Z 2 ], so that to any 
symplectic action which admits a moment map it corresponds a well defined 
cohomology class. 

Proposition 7. Let $:GxM4Mbea symplectic action with a moment 
map. Then 

i) $ defines a cohomology class [c$] G -£f 2 (g, R) which measures the obstruc- 
tion to find an equivariant moment map (J o $ 9 = Ad*^ J). 

ii) an equivariant moment map J exists only iff [c$] = 0. 

Hi) when [c$] = the set of all possible equivariant moment maps is param- 
eterized by -ff 1 (g). 
Examples 

I. If g is a semisimple Lie algebra (Appendix 2) then H l (g) = H 2 (g) = 0, 
and any symplectic action of G admits an unique equivariant moment map. 

II. Let G — H x V be the Galilei group, expressed as a semidirect product 
between H = SO(3, R) x R and V = R 6 . Thus, an element r G G, 



A V X 

1 t 
1 



(2) 



4 b k (M) = dim H K (M, R) , k = 0,1,2,... are the Betti numbers, and x( M , R ) = 
^ fc (— l) fc &fe(M) is the Euler-Poincare characteristic of M. 
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is specified by A G 50(3, R), t G R, V G R 3 and X G R 3 . Such an element 
acts on a point (xo,io) of the space-time manifold M = R 3 x R by 

$r(x ,t ) = (ix + X + Vt ,t + t ) . (3) 

The algebra g of G has the form g = k + p, where k = {£ G so(3)}, p = 
{(v, x, r) G R 7 }, k n p = {0}, [k, k] C k, [k, p] C p according to 

[|,(v,x,r)] = (|v,|x,0) , 

and [p, p] C p, 

[(v,x,r),(v',x',r')] = (0,r'x-rv',0) . 

Proposition 8. If G is the Galilei group 5 , then H 2 (g) is 1-dimensional, and 
up to a coboundary any cocycle E G Z 2 (g) is given by 

S((e,v,x,r),(e / ,v',x',r'))=m(vx'-v'-x) . (4) 

Theorem 3. Let $ be a transitive Hamiltonian action of G on M with the 
equivariant moment map J. Then: 

i) J maps M on an orbit of G in g*. 

ii) J is an immersion, and M is a covering space for J(M). 

Proof, (i) &* g -iJ = J ° with $ 9 transitive, (m,) Let T m J • r\ M = 0, 77 G g, 
^ M G T m M. Then 

{T m J ■ VM ,0 = , V^Gg . 

If rfJ f • ?7m = then w(f M , r^ M ) = G g. However {^ M (^)/C G g} = T m M 
and a; is nondegenerate, such that i] m = 0. Thus, Ker(TJ) = {0}, and J is 
an immersion y. 

3 Dynamical systems with symmetry 
3.1 Introduction 

The description of space and time in classical mechanics in terms of a class 
of reference frames which are equivalent with respect to formulation of the 

5 The result for the Lorentz group is presented in [5]. 
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principles of mechanics extends the notion of geometrical symmetry to the 
one of symmetry of equations of classical mechanics. This symmetry has a 
kinematical character, because is independent of the physical system under 
consideration, and the effect of symmetry transformations is a change in the 
reference frame. As the set of geometrical symmetry transformations is a 
group, the kinematical symmetry transformations form a Lie group, called 
Galilei group in the nonrelativistic case, or Poincare in relativistic mechanics. 
The existence of these symmetry groups is reflected by the existence of a set 
of observables { J a }a£i which remain invariant during the time-evolution of 
the physical system. The fields {X a } a£ j on the classical phase-space (M,u), 
ix a u = dJ a , generated by { J a }a&i, commute with the field Xh, ix H u = dH 
of the Hamilton function, and H is a constant on the leaves J~ 1 (// a ) C M 
determined by regular values {fJ, a }aei- As a result, the "intrinsic" dynamics 
provided by H is defined on a phase-space M, called "reduced phase-space", 
with a dimension smaller than of the initial phase-space M. 

The existence of additional invariant observables, beside the ones provided 
by the kinematical symmetry, implies the existence of a larger symmetry 
group, specific for the physical system under consideration, called dynamical 
symmetry group (in the case of nonrelativistic Kepler problem this is 5*0(3, 1) 
for states with positive energy, H = E > 0, and SO(4, R) for bound states, 
H — E < 0). Its existence implies a lower dimensionality of the reduced 
phase-space, and allows a partial description of the intrinsic dynamics in 
terms of the group action. When the reduced phase-space M with respect to 
the action of the dynamical symmetry group G is a point, the system is called 
completely integrable, and the Hamiltonian current on M is provided by the 
action of G, or one of its subgroups. In general, a similar result is obtained 
for an equilibrium point on M of the reduced Hamiltonian, or for systems 
with constraits which "freeze" the dynamics on M. In such a situation the 
system has a collective behaviour, because the Hamiltonian current on M 
arises by the action of G, and can be described completely using a number 
of variables smaller than the dimension of M. 

3.2 The reduced phase-space 

Let (M, u) be a symplectic manifold, $ : G x M i— > M a symplectic action 
of G on M, J : M i— )• g* a moment map for $ such that J o $ 9 = Ad* g ^ J, 
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and 

G fl = {ge G/Ad* g -,n = fi} , 

with fj, a regular value 6 of J. Then: 

i) Pfx — J" 1 ^) is a submanifold of M. 

ii) Vp G J _1 (At), T p (G^-p) = T p (G-p) n T P P^ such that G M acts on J _1 (aO- 
The proof of (i) follows from the Sard's theorem, while for (ii) /o$ 9 = 
Ad*-! J shows that £m(p) G T p J~ l (n) iff £ g *(/i) = 0, namely £ G g M V- 

An action $ : GxM !->■ M is called proper if the map ^ : GxM !->■ MxM 
defined by ^(g, m) = (m, $ fl (m)) is proper 7 . For such an action Vm G M, 
G m = {a G G/<& a (m) = m} is compact. The action is called free if G m = {e}. 

If n is a regular value of J, then the action of G^ on J _1 (//) is locally 
free, and provides a foliation having as leaves the orbits of G^. If the action 
of G^ is proper, then the orbits G^ ■ p, p G P M , are closed sub manifolds in 
J _1 (/i). If the action of G M is free, Vp G P M , G p = {e} C G M , and there exists 
a submanifold S C P M , containing p, having the properties: 

S is closed in G^S). 
ii) G/j,(S) is an open neighborhood of the orbit G^ ■ p. 
Hi) if a G G^ and $a(5') 5^0 then a = e. 

This last property shows that the leaves of G^ through the points of S may 
intersect at most once, so that the space of the orbits M = J~ 1 (fj l )/G fl has 
the structure of a manifold (the coordinates on S can be choosen as local 
coordinates on M) 8 . Moreover, M is Hausdorff because the orbits are closed 
submanifolds in J _1 (/i) (G^ is closed and $ is continuous). When (Hi) does 
not hold WS, then G p 7^ {e}. 

Let P be a manifold and u G Z 2 (P). Then 

E u = {v G TP/;„u; = 0} 

is called the characteristic distribution of u. If P^, is a subbundle of TP, then 
u is called regular on P. In such a case, the distribution E u is integrable, 

6 For / : M i-> TV of class C 1 , n G AT is a regular value of / if Vm e / _1 ({n}), T m / is 
surjective. 

7 Which means that any compact subset K C M x M is the image of a compact subset 
^^(if) C G x M, or that if the sequences Xi and <& 9i Xi, i — 1,2,3,..., are convergent, 
then gi contains a convergent subsequence. 

8 If the action of G on M is smooth, free and proper then M M> M/G is a principal 
bundle with G as fiber and structure group, [2] p. 276. 
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and it defines a foliation J 7 on P. Let M = P/J 7 be the space of leaves, 
obtained by the identification of the points from each leaf. The space M has 
the structure of a manifold if any point of a leaf is contained in a submanifold 
S, transversal to the leaf, such that S intersects the leaf at most once. In 
this case, the local coordinates on S can be used as local coordinates on M, 
and M aquires the structure of a manifold. 

Proposition 9. Let G be a compact Lie group acting on the manifold P such 
that its orbits provide a foliation of P. For p G P, G p = {a G G/$ a (p) = p}, 
and Gp denotes the connected component of G p . Then the foliation of P by 
G-orbits is fibration iff the representation of T p = G p /G° p on the space N p , 
normal to the orbit G ■ p, is trivial Vp G P. 
Examples of one- dimensional foliations which are not fibrations 

1. The linear current on the 2- dimensional torus 

Let T = R 2 /Z 2 be the 2-dimensional torus, with coordinates 

[x, y\ = (x, y)modZ 2 , (x,y)eR 2 . 

An action : T ^ T, i e R, of R on T, can be defined by 

$t[x,y] = [x + at,y + fet] , 

where a, 6 are real constants. Thus, {<& t [x,y]/t G R} is the leaf at [x,y]. 
When the ratio a/b is irrational, any such orbit is dense on the torus. 
Let M be the space of the leaves of the foliation, and n : T i-> M, 

7r[x,y] = {$ t [x,y]/t G R} , 

the projection on M. Presuming that there exists a topology on M with 
respect to which 7r is continuous, let U be an open set on M. If U ^ 0, then 
7r _1 (f/) = T, so that U — M. Thus, the only admissible topology on M is 
the trivial one. 

2. TTie S* 1 or&zfe on the Mobius band 

Let <f : Z x R 2 h-> R 2 be the action of Z on R 2 given by 

if n (x,y) = A n (x,y) ,nGZ, y) = (a; + 1, -y) . 
The Mobius band is then M = R 2 /Z, with points 

[x,y] = {f n (x,y)/neZ} G M . 
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Also, M is a bundle over the circle S 1 , with projection n : M i— > S 1 , 

ir[x, y] = xmodZ . 

Let $ : G x M 4 M be the action on M of the circle G = R/2Z, given by 

$t[x,y] = [x + t,y] , t G R . 

The orbits of G on M are double coverings for the central circle S 1 = <&r[x, 0], 
and M is a half-line. It can be parameterized by y > 0, but is not a manifold 
near y = 0. 

Theorem 4- Let (M, w) be a symplectic manifold, G a Lie group acting 
symplectically on M, and J : I 4 g* the equivariant moment map. Let 
fi G g* be a regular value of J, and presume that acts freely and properly 
on J~ 1 ( / u) = P^. If Lj : J~ 1 (/i) i— >■ M is the inclusion, and i*c<; = w|p M , then: 
The leaves of the characteristic distribution of the form i*cu on P M are orbits 
for G M , and the orbit space M = J~ 1 (fi)/G fJ , has the structure of a symplectic 
manifold (M, a)), 7r*w = i*w, with n : P^ h-> M the projection 7r(p) = {G^-p}. 
Proof. V£ G g M , 2g M w|p M = 0, and £m G P«*w Conversly, let i> be an element 
of T P P^, but not of T P {G^ • p), such that i v u\p =0. If F = T P (G ■ p) U T P P^ 
, then F fl P^ = T P {G IX • p). As w is nondegenerate on T P M, F/F n P -1 
should be symplectic, with £>([/], [/']) = /'), /, /' G P. Thus, if i v u = 0, 
f G T P P M , then also i^u) = 0, so that [v] = and v G T P (G^ ■ p) y . 
Pxamp/es 

1. Let /i, /2, / n be n functions in involution, {/j, = 0, with respect to 
the Poisson backet on a 2iV-dimensional manifold M. Considering G = R n , 
// G R n and J = f\ x / 2 x ... x f n , then G fx = G and dim( J- 1 ^)/^) = 2iV-2n. 
When n = N = dimM/2 the system is called completely integrable. 

2. Let % be a complex Hilbert space with the symplectic form w(JT, Y) = 
Im(X\Y), and <S> Z :H^H, = the action of G = S 1 = {z G C/|*| = 
1} on %. Then 

the action $ is symplectic. 
the moment map is = —i(ip\ip)/2. 
in) the reduced phase-space is the projective Hilbert space P-^. 
Proo/. The algebra of G is g = {£ G C/£ = -£*}, and as $ e ttif> = e&ip, 
4>eH, = Also 

d d 
T^ Z X^ = — | t=0 $ z (^ + X^t) = -r:\t=oz(ip + X^t) = zX^ 
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i) <5>* z u(Xip,Yip) = u{T^ z X i ,,T i ,^ z Y^) = u{zX^,zY^) = u{X^,,Y^), or 

$*u; = u. 

ii) 

i Cn u(X^) = Im{^ H {^)\X^) = Im(^\X^) = i£Re(?p\X^) = — \ t=0 J(0^+tx^ 

However, for f{jp) = (ip\ip), 

d 
dt 



\ t=0 f(ij + tX) = 2Re(ij\X) 



such that J(Ov- = ^(V#)/ 2 - 

Hi) As g* ~ g, if fi G g* and £ G g then (//,£) = //*£, and = -i(ip\ip)/2. 
Thus, 

J-\n) = {^eUl{^) = 2in} . 
Because G pi = G = S 1 acts on J _1 (/i), 

J- 1 ( /U )/5 1 ^{[^],^G^/(^|^) = 1} = P W , [V] = W/2 G C, |*| = 1} V- 

Theorem 5. With the assumptions of Theorem 4, let (M, u) be a symplec- 
tic manifold, G a Lie group acting symplectically on M, J : M 4 g* the 
equivariant moment map, and H : M h-> R the Hamilton function, invariant 
to the action of G (Appendix 3). If \i G g* is a regular value of J, G M acts 
freely and properly on = P M , i M : J _1 (/i) h> M is the inclusion, and 

i*u; = wlp , then: 

f* i f*' 

the current F t of X# leaves J~ l {fJ.) invariant and commutes with the action 
of G M on J _1 (yu), such that it induces canonically a current t on M, 

7T M O F t = <j> t O 7T M . (5) 

the current <f>t on M is Hamiltonian, generated by the function H : M i— >• 

R, 

H 0%^ = H oi^ 

called reduced Hamiltonian. 

Proof, (i) As J _1 (/i) is invariant to F t , the projection of F t on M defines the 
current <f> t by (5), and 

(0t o tt^) w = F t it^oj = F t i^u = i^u = vr M w . 
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Thus, 7r*(0 t w — uj) = 0, and as 7r M is surjective, <ptOJ = to. 
(ii) Let v G TM and [v] = Tn^v G TM. Then 

dH([v}) = n;dH(v) = d(Ho^)(v) = d(HoiJ(v) = i;dH(v) = i;ou(X H ,v) = 

■k*^cj(X h ,v) = uiT-K^XH^T-K^v) = Q([Xn], [v]) = i[x H ]w([v]) , 

such that i[x H ]W = dH. Thus, <f> t has [Xh] = Th^Xh as generator and H as 
Hamiltonian y. 

Proposition 10. Let q, with Co = mo G J^ 1 (fi), be an integral curve for Xh, 
and [q] the integral curve for X H , presumed to be known. Let d t G J~ 1 (/x), 
with d = m , a smooth curve such that [d t ] = [c t ]. Then c t is of the form 

ct = $ at d t , 

where a t G is provided by the equation d t = T e L at £(t) in which G 
is the solution of 

£mK) = X H (d t ) - d t . 

Proof. If c t = $at^t then 

X H (c t ) = c t = T dt § at d t + T at ^ dt (a t )d t , (6) 
with $ ra : G ^ M, = $ a m. As 

T a m m d = Tm m TR a TR a -id = T e {m m o R a )TR a -,a = 
T e y* am TR a -id = (TR a -id) M ($am) , 

(6) becomes 

X H ($ a rf t ) = T, t $ a ^ + (T J R a - 1 a) M ($ a ^) . (7) 
However, X H (& a dt) = T dt & a X H (d t ) from the $ a -invariance of X H) and 

^(^a^t) = T dt <$> a (Ad a -^) M {d t ) , Ad a £ = T e R a -iL a £ , 

such that (7) takes the form 

X H (d t ) = d t + (T a L a -id) M (d t ) , 

or £ M (dt) = X H (d t ) - d\ with £ = T a L a -id V- 
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3.3 Stability 

A point m G M is a relative equilibrium if 7r M (m) G M is a fixed point for 
the Hamiltonian system Xg on M. If 7r^(m) is on a periodic orbit for Xg 
then m G M is called relative periodic. 

Proposition 11. Let m G J^ 1 ^) be a point of relative equilibrium for the 
Hamiltonian system X H on M, X H — F t G xC^O- Then there exists a 
one-parameter subgroup a t of G M such that 

m t = F t (m ) = $> at (m ) , a t G G M , 

and X H (m t ) = ^ M (m t ), € e g^- 

It is important to remark that if m G M is a relative equilibrium, or 
relative periodic of small amplitude, then the Hamiltonian system X H on M 
has a collective behaviour 9 . 

Let if be a Hamilton function on (M, u), and G a Lie group acting on M 
with the moment map J : M i-> g*, so that $*ii = H, a £ G. One defines 
the energy-moment map ffxJ:MKRxg*by 

(# x J)(m) = (H{m), J{m)) . 

The previous results indicate that VC G R x g*, C = (E,/i), the set ic = 
(H x J) _1 (C) is invariant to the curent of X H - The topological structure of 
the current is determined by: 

- the topological type of Ic, VC G Rxg*. 

- the bifurcation set for the map H x J. 

- the current of Xh on each 1q. 

- the decomposition of ii _1 (i?) in submanifolds I c . 

The knowledge of the bifurcation set and of the current of X H on each I c 
may provide the values of C for which the system has a collective dynamics. 

4 Collective dynamics 

A classical collective model for the Lie group G is a phase-space (M, u) on 
which G acts symplectically and transitively {(M,u) is G-elementary). Let 

9 If oj = -d9 and <&* a 8 = 6 then L^ M = i^ M dd + di^ M 9 = 0, and i^ M ui = dJ(£) with 
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$:GxMi— 7-Mbea symplectic action of G on (M, oo) with the moment 
map J : M 4 g*. A Hamiltonian on M is called collective if it has the 
form 

H = h c o J = J*h c , (8) 

where h c : g* >->■ R is a smooth function. If J(M) is a cotangent fibration, 
J(M) = T*Q, then (8) defines a physical collective model. 
Proposition 12. Let $:GxM^Mbea Hamiltonian action of the Lie group 
G on (M, w) with the moment map J : M4g*, and = /i c o J, h c : g* >->■ R, 
a collective Hamiltonian. Then the trajectory m t of the Hamiltonian system 
m t = X H (m t ), m G M, is completely determined by the trajectory j t of the 
Hamiltonian system defined by h c on the orbit O = G ■ J(m ), ^y t = J(m t ). 
Proof. V/i G g*, there exists L ftc (/x) G g, L ftc : g* h-> g, defined by 

{ft, L hc (fj)) = ^\ t=0 h c (fi + tfi) . 

Thus, 

ix H u(v) = dH(v) = J*dh c (v) = d(h c ) J{m) {T m Jv) = 

(T m Jv,L hc (J m )) = dJ(L hc (J m )) -v = i (Lh j )M u(v) 

such that Xh(iti) = (Lh c o J{m))Mijn). If j t G O then Lh^t C g and a t 
defined by a t = T e L at {hh c lt) is a curve in G. Considering m t = $ fl! mo, then 

m t = $ at m = (T at L a -id t ) M (m t ) = 

{^h c lt)M{m t ) = (L ftc o J(m t )) M {m t ) = X H (m t ) y . 

In applications, to obtain the trajectory m t at m are necessary several ele- 
ments: 

1. the orbit £> = Ad* a ^J(m ) C g*. 

2. the trajectory 7 t on (9 for the Hamiltonian system induced by h c . 

3. the curve & C g, f t = L hc (lt)- 

4. the trajectory a t C G provided by a t = T e L at ^ t . 
The result is then m t = $ at (m ). 

It is important to remark that a relative equilibrium for a G-invariant 
Hamiltonian system moves on G M -collective trajectories, corresponding to 
orbits 7 t C g*, degenerate in critical points of some h c . Thus, in such situa- 
tions the G-invariance implies G M -collectivity. 
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In general, the action of G on (M, u) is not transitive, but the reduced 
phase-space (M, Co) with respect to the action of G is a homogeneous space 
for a certain group G . This is the case for instance when: 

- M = T*Q and G acts transitively on Q. 

- M = T*Q and G acts freely on Q. 

- M = T*G. 

Theorem 6. (Kirilov-Kostant-Souriau) Let G be a Lie group, L : G x G G 
the action of G on G by left translations, and $^ : G x T*G h-> T*G the 
action induced by L on T*G with the moment map : T*G >->■ g*. Then 
(notation is explained in Appendix 1): 

the reduced phase-space (J^) _1 (/i)/G M can be identified naturally with the 
orbit G • 11= a G G} of /i in g*. 

ii) if R : G x G >-)■ G is the action to the right of G on G, and $ r : 
G x T*G i— >■ T*G is the action induced by R on T*G, having the moment 
map J r : T*G h- >■ g*, then the <3> £ -invariant Hamiltonians are $ r -collective. 
Proo/. (%) For /i G g*, (^) _1 (a0 = {(a, A2»,a G G}. Let p G (J*)' 1 ^), 
p = (a,Ad*/i). Because XbP = (ba,Ad*/i), then XbP G (J^) -1 ^) iff b G G M . 
Thus, G^ acts freely and properly on (J^) _1 (yu), and 

[(a, = {{ba, Ad* af i), b G G M } = Ad> G G • // . 

fnj Let H : G x g* h-> R be the Hamilton function. Because A£if(a, /i) = 
H(ba,fi), H is A*-invariant only when it is independent of a, such that 
if (a, /i) = H(fi) = h c o J ( r aAt) , ot H = h c o J r y. 
Example: the rigid body 

If G = 50(3), then g ~ g* ~ R 3 , and V// G g*, /i = ELiA*»/», the orbit 
G • /x is the sphere of radius /I = (/ii, /i 2 , ^3). The set = 1,2,3} of 
basis elements in g* is defined with respect to a set = 1,2,3}, of basis 
elements in g, = e ijk ^ k , such that = 5 ik . 

Let us consider H : T*S0(3) H- R of the form H = h c o J r , with 
J r (a, /i) = — pi and ft, c : g* i->- R, 

1 3 u 2 

= 2 E t • (9) 

As J r (£,i) : T*G 1 — y R has the expression J r (£i) = —(fJ>,£i) = —(J>i, and the 
Poisson bracket satisfies {</ r (£)> ^ r ( r ?)} — <^ r ([£)??]) from equivariance, we get 
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{/ij, Hi) — —tijk^k- 

The equations of motion are 




E 



3 



(10) 



or 





Introducing u { = (f u L hc (fi)) = Hi/L t we also get 

IicJx = uj 2 uJz(h - h) , h^2 = uiu 3 (I 3 - h) , I3U3 = ^1^2 (h - h) , 

Similar equations can be obtained considering the rigid body rotation as 
geodesic motion (Appendix 4). 



When Ji > I 2 > I 3 the critical points k = (/ci, «2, of h c on G ■ /i, 
(dh c (T K G ■ n) = 0), are 



where a t is provided by a t = T e L at u t , u t = L hc (m)- 

As presented above, the Kirilov-Kostant-Souriau theorem concerns the case 
when on the configuration space Q are defined two actions of the group G 
which commute, $ r and $ , free and transitive, such that the action tp : 
G x Q h-> Q, ip a = & r a & e a has a fixed point. In the example of the rigid 
body $ £ corresponds to the rotation of the laboratory frame, while <3> r to the 
rotation of the intrinsic frame. 

Theorem 7. Let & : H x Q \— )■ Q be a transitive action of the Lie group 
H C Gl(V) on the manifold Q, and r : H x V 1— > V a representation of H 
in the linear space V . Assume that / : V (->■ ^{Q) is a if-equivariant linear 
map, (&h-if = f T h , \/h E H), which defines a Hamiltonian action of the 
semidirect product G = H x V on T*Q, 



Ut h , v) a q = n hq *h-i<x q -df v ($ h q) , (h,v)eG , a q eT*Q , (11) 



(0,±|/2|,o) , (±|/I|,0,0) , (0,0,±|/2|) . 



For the trajectory in the chart ^(T*G) one obtains 



m t = p at (a ,fi ) = (a a t 1 , Ad* a -i/i ) 
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with the equivariant moment map J : T*Q i— > h* + V*. If 3go G Q such that 
if go = (the action of G on T*Q is transitive), then J(T*Q) is a single 
G-orbit in g*, specifically the G-orbit through the point (0, If). 
Proof. The action (11) has the form 

U(h,v) = tfv&h 

where 

$ h a q = T£ hq $ h -ia q , t fv a q = a q - df v (q) . 

If j : T*Q i — y h* denotes the moment map for the action of H on T*Q, 
Ti : T*Q h-> Q is the projection, and ^T*Q(ct g ) = — n*dfv( a q), then the moment 
map for the action U* is provided by 

J aq {£,v) =ja q {0 + n*fv{a q ) ■ 
Considering f v (q ) = {K,v), K G V*, then Vg = <&/i(<7o) we get 

/ w (g) = (A',r ft -i U > = (r h *- 1 ii', U ) 

such that 

■J aq = (j aq ,r^K) , (12) 

where a q = $ h u qo , and j a? = = (A^)" 1 ^, with jj = j aqo ,j° : T^Q ^ 

h*. In the chart on T*Q defined by 

#:T*Q^QxT; o Q , V(a q ) = (q, $ h -ia q ) = (q,p) , 

(12) takes the form 

J{ q , p) = {AdU 3 l^ 1 K) . (13) 

Let H Q = {h G H/^hqo = qo} be the isotropy group of go, and h its algebra. 
Thus, V£ G h , Jp °(0 = 0, and in fact j° : T* o Q ^ h*/h3 = K, 

h* = g h7/i(0 = V £ G h } . 

Let also 

H K = {he H/r* h -,K = K} 

be the isotropy group of K, and \\k its algebra. Presuming now that ho = hx, 
then h/h = h/h x , Q ~ if • K, and as if C GZ(V) the action of G on T*Q is 
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transitive. Thus, J(T*Q) is a covering space for the G-orbit G ■ (0,K). 
For (/J,, K) G h* + V* and (h, v) G H x V we get 

where (h, v)- 1 = (h~\ -r h l v), Ad* h -i(KQv) = t^KQthv, and (K®v)(g) = 
(K,£ v (v)) with 

Zv(v) = f t \t=oT et t(v)eT v V~V . 

If ir K : h i-> h/h^, and // G h*/h^ = h^, then 

7r^(/i — /i ) = 0<^3t)GV, /i - fi = K Qv . 

Thus, Vj° G h^, 3w G V such that K Qv = j°, dim K &V = dim (H/H ) = 
dim Q, and 

J{ q , p) = (AdUf p , Tfo-iK) = {AdU{K © v), r* h -,K) = Ad* {h -^_ v) (0, K) , 

which shows that Jt*q is the single orbit Jt*q = Ad* G {Q, K) y. 

One should note that when Q is the orbit Q = H ■ K C V* , then T*Q is 
mapped by J on the G-orbit G ■ (0, X), and any Hamiltonian on M = T*Q is 
G-collective. Moreover, if (M, u) is an arbitrary phase-space, and J : M i— >• 
V*, then the action <£> defines a physical collective model. The most general 
coadjoint orbit of the semidirect product G = H x V appears as reduced 
phase-space with respect to the action to the right of H K on T*H. 

4.1 Examples 

1. The rigid body in external field 

Let Q = SO (3, R) = H and V = R 3 . For the action to the right of G = H x V 
on T*Q the moment map is 

J r (h^) = (-^r*- 1 K) . 

If K G V* ~ R 3 is a constant force field, and x G V ~ R 3 is the center of 
mass position vector, then the Hamiltonian on T*5'0(3) is H = h c o J r , with 
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2. The liquid drop model 

Let V = {w e Gl(3,R)/w T = w,det w > 0} ~ R 6 be the space of the 
quadrupole moments Wij = Y^n=i x m x nji hj — 1,2,3 for a system of N 
particles. An action r of H = Sl(3) on V, r : SI (3) x V ^ V 

ThW = hwh , h G SI (3) 

is induced by its action x n h-> /ix n on R 3Ar , and Q = H ■ K, K e V*, is the 
5-dimensional configuration space for the liquid drop. 

Let G be the 14- dimensional group G = H x V = CM '(3), 



CM(3) = 
Thus, 

cm(3) = {(e,77) 
and 
with 



/i 



, he SL(3),w eV ~R 6 } 



* _° e , eesl(3),r ? GV}csp(3,R)cgl(3,R) , 
cm(3)* = {(fx, u) b , trfi = , v = v T j fi G sl(3), i/ G V*} 



= \[tr{fi T t) + tr{vrf)] 



For the element (aL s , fSI^, L 3 = e 12 — e 2 i, (Appendix 2), one obtains 

^(MO-i^s,/^ = (tt(/i T ) _1 ^3/i T - 2(3whh T + ?-f3Tr(whh T ), f3hh T f 
such that when a^O the stability group G(a,/3) of (<xL 3 , /3J) b is 
G M = {(SO(2),^i) 1 «;oeR} , 

while for a = 

C(o,/9) = {(SO(3),w I),wo G R} . 

Thus, as CM (3) is 14-dimensional, when q^O the coadjoint orbits are 12- 
dimensional, and 10-dimensional when a — 0. The moment map J : T*Q 1— > 
g* is a diffeomorphism from the phase space M = T*Q to the coadjoint orbit 



20 



of the element (0,(3Iy. 
3. The relativistic particle 

If H = SO (3, 1) is the Lorentz group, and V = R 3 ' 1 is the Minkowski space, 
then G — H x V is the Poincare group. The Lie algebra so(3, 1) is generated 
by six 4x4 real matrices, {Ji,K,i,i = 1,2,3}, with nonvanishing elements 
(Ji)ki = tiki, i,k,l = 1,2,3, (Ki)^ = 8fjo8 iv + SvoSip, \i, v = 0,1,2,3, and 
commutation relations [J h J k ] = -e ikm J m , [K h K m \ = e Xmi J h [J m , Ki] = 

— trail Ki- 

As 10 so(3, 1) ~ sl(2, C), an element ^ = a- K + /3-JG so(3, 1), a, p G R 3 , 
corresponds to x = (a + ij3) • a/2 e si (2, C), by a = (a±, a 2 , cr 3 ) denoting the 
Pauli matrices. 

An element F G g* can be expressed in the form 

F = Po X* - p • X* + k ■ K* + s • J* , 

where the basis (X*,X*,K*,3*) is defined by X*(X V ) = 8^ v , K*(K t ) = 
J*(Ji) = 8u- Denoting / = (p ,p, k, s), the orbit G ■ F contains f = 
(m c, 0, 0, s ), where m Q and s are the "intrinsic" mass and angular mo- 
mentum. As Gf ~Rx 5*0(2, R), (time translations x rotations around s ), 
if s 7^ 0, and G/ — R x SO(3, R) if s = 0, for massive particles the orbits 
G • F ~ G/Gf are 8, respectively 6 dimensional. 

5 Appendix 1: Adjoint group actions 

Let G be a Lie group, and M = T*G. The left and right translations on G 
are defined by L a (h) = ah, and R a {h) = ha, respectively, while R a = R a -i is 
the action to the right. 
For £ h G T h G one gets 

ThLaih £ T ah G , T h R a C, h G T ha G , 

while for a G Tj*G, 

T ah L* a -!a h G T* h G , T ha -iR* a a h ET^-jG . 

10 sl(2,C) ~ so(3,C) ~ sp(2,C), with the real forms sl(2, R) ~ so(2, 1) ~ su(l,l) ~ 
sp(2, R) (split) and su(2) ~ so(3, R) (compact). 
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One denotes by $> l a = TL* a _ 1 and $^ = TR* a the actions induced by L and R 
on M. Let $ : M h> G x g* be the map 

*(a ) = (a,T e L* a a a ) = (a,^_ia ) G G x g* . 

In the chart ^(M), (of intrinsic coordinates), the actions $^ and $ r are 
represented by the actions denoted A and p, respectively, 

V(& a a h ) = A a *(a h ) , *(^a h ) = p a *K) , 

provided by 

\ a (h,fi) = (ah,n) , p a (h,/j,) = (ha~ 1 ,Ad* a - 1 /j,) , 

where 

A<_ a = s;*^ = T e (L a -iR a )* . 
The projection on TG of the infinitesimal generators for these actions are 

e G {a)=T e R a i , &(a) = -T e L £ . 
such that the moment maps at a a = $^// are 

4„ • e = ««(&(«)) = TWSoatf) = (AC-ia) • £ , 

or 

J\a,p) = Ad* a -!p , J r (a,/i) = -^ . 
These maps are equivariant, as 

J^M^Jm-iJ^M) » J r (j>a(h, t JL))=Air a - 1 J r (h,IJL) . 



6 Appendix 2: The classical semisimple Lie 
algebras 

The root space decomposition g = h + J2 a ^o go °f a complex semisimple 
Lie algebra g with respect to the adjoint representation (ad x y = [x,y]) of a 
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Cartan subalgebra h provides the Weyl basis {hi,e a ,i = l,rank(g),a e h*}, 
with 

[h, e a ] ot{K)e a , [e Q , e_ a ] &—a)h a . 

Here (x, y) = Tr(ad x ad y ) is the (nondegenerate) Cartan-Killing form, c*(/i) = 
(h a ,h), (a, (3) = (h'^hp). If (a±, a 2 , cxi) is an ordered basis in h*, then 
(3 = J2i c i a i is positive (e S) if the first q ^ is positive, and simple if it 
is positive, but not a sum of positive roots. For the simple roots ctj, <x,, the 
elements of the Cartan matrix = 2(ccj, aij)/(a!j, ctj) are integers, so that 
the real span of the Weyl basis is the normal (or split) real form of g. If V is a 
finite dimensional vector space, gl(V) is reductive, and [gl(V), gl(V)] = sl(V) 
is semisimple. When V = C n , a basis of gl(C n ) = gl(n, C) is provided by 
the set of n 2 real matrices {e pq ,p,q = l,n}, with the single non- vanishing 
element, equal to 1, in the rowp and column q, {e pq )ij = S P i5 q j, and [e p(? .e rs ] = 
8qr£ps — S ps e rq , (e pp , e qq ) = J2ij(8ip ~ $jp)(8iq ~ fijq) = 2n5 pq — 2. This basis can 
be represented using a set of n boson operators {bp, b p , p = l,n}, [b p , b q ] = 5 pq , 
as e pq = b p b q , or a set of n fermion operators, {cj,, c p ,p = 1, n}, {c p , c q } = 5 pq , 
as G pq c^ p c q . 

6.1 Semisimple Lie algebras of type A n : sl(n + 1, C) 

sl(n + l, C) = e gl(n + l, C)/Tri = 0}. If e pq e g\(n + l, C), {e pq ) lk = 5 ip 5 kq , 
the the diagonal matrices h m , m = l,n, with 

n+1 n+1 n+1 

h m — ^ C m e H J 51 C m = 5 5^ C m C m / = $mm' 
i=l i=l i=l 

satisfy (/i m , /i m /) = 2(n + l)5 mm > , and provide an orthogonal basis in the Car- 
tan subalgebra h of s\(n+l, C). For these elements [h m , e pq ] = a pq {m)e pq with 

n+1 

a pq (m) = -a qp (m) = ^ c l m (5 ip - 5 iq ) = c p m -c q m . 

i=i 

Denoting /3 p = we get a pq = J2iZ p Pi- These results provide: 

- the set of roots: 

A = {a pq ,p ^ q] 
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1 2 3 n-1 n 

o — o — o o — o 



Figure 1. Dynkin diagram for the A n algebras 



with (n + l) 2 — (n + 1) elements. 
- the set of positive roots: 



2 = {u Pq ,P < q} 

with n(n + l)/2 elements. 
- the set of simple roots: 



IT = {f3 p = a pp+1 ,p = l,n} 
with n elements. A particular basis in h consists of the elements g Ti 

Zrnm — ^m+lm+l, TTl — 1, 71. For this basis We get 

\gm-i e pq] = {.9m) h apq )e pq ? [ e p<?> e qp] = e pp ~~ e qq = 9i = 2{n -\- l)h ap 

i=p 



where 

h' = 



1 



1-1 



a pq ~ _|_ ]^ ^ i ' (dm, h apq ) — 5 mp 5 mq + S m+ i q $m+lp 

As (0 p ,0 q ) = % p ,h' Pq ) = (g p ,g q )/A(n+l) 2 = (25 pq -5 pq+1 -5 p+lq )/2(n + l), 
we get the Cartan matrix 

■<*-mm' (a Q \ ^"mm' "mm 1 +1 "m+lm' i 

\Pmi Pm) 

and the Dynkin diagram 11 [7] presented in Figure 1. 

The compact form su(3) of si (3, C) is presented in detail in [8]. 



6.2 Semisimple Lie algebras of type B n : so(2n + 1, C) 

so(2n+l,C) = {£ e gl(2n + l,C)/£ T = -£}, with basis provided by n(2n+ 1) 
independent matrices ^ pq = e pq — e qp , p,q — — n, — 1, 0, 1, ...n. The real 

11 The circles {o 1 } correspond to the simple roots {ft} and the number of lines between o l 
and o J is equal to AijAji = 4 cos 2 6ij, where Qij is the angle between ft and ft. Whenever 
(ft, ft) < (ft, ft), the lines get an arrow pointing towards o* [6]. 
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span of this basis generates the compact real form so(2n + 1, R), but to 
obtain the Weyl basis the representation should be changed to w^w -1 , with 
Wij = [(1 +i)6ij + (1 —i)5i-j]/2, (u> -1 = = w*). In the new representation 
so(2n + 1, C) is generated by the elements 

{fpq = f—q-p = &pq &—q-plVi Q = n i •••) 1) 0) 1) •••) n } 1 

while the real span of f pq generates so(n + 1, n). 

As [f pq , f M ] = 5 qk f p i - 5i p f kq + 5 p _ k f_i q + 5„ q if k „p we get 

[fppjki] = a k i(p)fki , 
with a kl (p) = 5 pk - 5 p i + 5 p - t - 5 p ^ k , and 

[fkl, flk] = fkk — (1 — 2Sk-i)fu ■ 

These commutation relations provide: 

- the set of roots: 

A = {a kl (p),k> -l,k^ 1} 

with 2n 2 elements. 

- the set of positive roots: 

£ = {oLhiip) = $pk -6 p i,l> k> 0}U 
{dkiip) = Sp-k - S p i, -I < k < 0} U {a i(p) = -5pi, 1 < I < n} 

with n 2 elements. 

- the set of simple roots: 

n = {/3 = «oi} U {(3 k = a kk +i, k = 1, n - 1} 
with n elements. In terms of the simple roots 

\-\ \k\-\ 

oiki = E A + 2 E A if " 1 < k < > 

i=|fc| i=0 

ttOi = E'=o A, and 

(-1 

«fei = E A if 1 > k > • 

i=fc 
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1 2 n-2 n-1 

0^0 — o o — o 



Figure 2. Dynkin diagram for the B n algebras 
Because 



fu 



&01 



2(2n-l) ' akk+ 



' ^"fefe + l 



/fefe — fk+1 k+1 

2(2n- 1) 



and 

we get 
(A>,A,) = 



(/rp, / m ) = a ki(p)a k i(q) = 2(2n - l)5 pq 

—l<k=—n 



2(2ra- 1) 



, (/3 fc ,/3fc) = -2(/3 fc _i,/3 fc ) = 



2n- 1 



, fc = 1, n — 1 , 



such that the angles between the simple roots are specified by cosy?oi = 
— l/y/2 and cosy9 fcfc+1 = — 1/2, A; > 0. The Dynkin diagram associated to the 
Cartan matrix [2(j3i, j3j)/(Pi, (3i)] is represented in Figure 2. 

In the case of so(5.C), if S = {a_i2, ctoi, ^02, 0:12}, then II = {aoi,«i2}- 
Some applications with so(5) as a subalgebra of so(8) are presented in [9, 10]. 

6.3 Semisimple Lie algebras of type C n : sp(2n, C) 
sp(2n, C) = {£ G gl(2n, C)/£ T J = -Jf}, where J has the n x n block form 



J 



/ 
-/ 



Because any element £ G sp(2n, C) can be expressed as 

b 



c —a 



, 6 = 6 , c = c , 



a basis in sp(2n, C) is provided by n 2 independent matrices A, 

Ai 



eij 
-e 



n(n + l)/2 independent matrices B, 



eij 




' e 3i ' 


+ 
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and n{n + l)/2 independent matrices C, 



" 




" 


_ eij _ 


+ 


_ eji _ 



The commutation relations are specified by 

[-^iij ^pq\ i^ip $iq)Bpq , 
[•^■iij CpJ {$ip ~\~ $iq)Cpq , 

Cpq] (2(5pg + l)A pp + Aqq , 
[Apg, Aqp] = App Aqq , 

with i,p,q = l,n. Denoting a pq (i) = 5 ip - 5 iq , p> q and a' pq (i) = (5 ip + 8 iq ), 
p > q, we get the set of roots: 

A = {a pq , -a pq , p,q = l, n/p > q] U {a' pq , -a' pq , p,q = l, n/p > q] , 

with 2n 2 elements. 

- the set of positive roots: 

£ = { a pq, P, Q = 1, n A> < U {a pg , , p,q = l, n/p < q] , 

with n 2 elements. 

- the set of simple roots: 

IT = {/3 P = a pp+1 ,p = l,n - 1} U {/3 n = a' nn } 
with n elements. In terms of the simple roots 

q— 1 n—1 



^PQ ^ ' Pi ? ^qq Pn 2 ^ ' Pi , d p ^ (1 $pq)Otpq ~\~ OC q 



qq 



i=p %=q 

The Cartan subalgebra is generated by n independent diagonal matrices, 
App — ^4p+ip+i , / A r 



h' 



4(n+ 1) 



, p<n , ^ 



'/3n 



2(n + l) 
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1 2 3 n-1 n 

o — o — o o^o 



Figure 3. Dynkin diagram for the C n algebras 



Because 



{An, Ajj) = 2^2 a pq (i)a pq (j) + 2 ^ a' pq {i)a' pq {j) = 4(n + 1)(% 

P>1 p>q 

we get 

(8 8 ) = 26pq - 6pq+1 - 6p+lq (8 B) = 6pn ~ 1 v<n 

[P P ,P q ) 4(n + l) ' [Pp,Pn) 2(ra + l) ' P 

and ((3 n , (3 n ) = l/(n+ 1). The Dynkin diagram associated with the matrix 
[2(/?j, f3j)/(/3 i: fa)] is represented in Figure 3. 

6.4 Semisimple Lie algebras of type D n : so(2n, C) 

so(2n, C) = {£ G gl(2n, C)/£ T = — £} Considering the notation introduced 
above for B n , in the Weyl basis so(2n, C) is generated by the elements 

{fpq = f—q~p = &pq e —q—p/P, Q = n , ■■■■> 1) 1) n } , 

having as real span so(n, n). Because h = {f pp .p = l,n}, and 

[fpq, fkl] = Sqkfpl — 5l p fkq + 5 p -kf-lq + $-qlfk- P , 

we get [f pp , f k i] = a kl (p)f k i with a fcJ (p) = 5 pk - 5 pt + 5 p ^i - 5 p ^ k . Also 

[fkl, flk] = fkk — (1 — 2$k-i)fu ■ 

These relations provide: 

- the set of roots: 

A = {a M (p),k > -l,kj^ l/k,l = -n, -1, 1, ...n) 
with 2n(n — 1) elements. 

- the set of positive roots a k i with k > \l\ or I > \k\, 

£ = {&ki(p) = S pk -S p i,l> k> 0}U 
{akiip) = -S p \k\ - S P i, -I < k < 0} 
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2 3 n-2 n-1 

>o — o o — o 



Figure 4. Dynkin diagram for the D n algebras 

with n(n — 1) elements. 
- the set of simple roots: 

n = {A = u {A = aikk+i, k = i,n-i} 

with n elements. In terms of the simple roots 

1-1 

"jm = £ A , I > k > , 

i=k 

1*1-1 

«-|fc||fc|+i = 0o + Pi + Pk + 2 A ' fc = l,n-l , 
and a_\ k \i = a_| fe || fc | + i + a\ k \+u, I > \k\. Because 

7 / /ll ^22 , / _ fkk fll 1 1 « 

4(n-l) ' a -"4(n-l) > />fc>U > 
and 

n 

(fpp, fqq) = a ki(p)a k i(q) = 4(n - 1)<J M 

— l<k=~ n 

we get (A), A) = 0, 

(A, AO = (A, A) = -2(A, A) = -2(A, A+i) = 2(w 1 _ ^ ,k = l,n-\ 



such that the angles between the simple roots are specified by cosy?oi = 0, 
cosy?02 = —1/2 and cosy^+i = —1/2 for k > 1. The Dynkin diagram 
associated with the matrix [2(A, A')/(A> A)] is represented in Figure 4. 

Let cj, q be the fermion creation and annihilation operators for a quantum 
many-body system described in terms of n > 1 single-particle states, specified 
by % — 1, n. Then 

[c\ci, c]c\\ = (Sij + 5ik)c)c\ , [cjq, CjC k } = -(Sij + S ik )cjC k , 

and [cjq, c]c^] = (5^ — 5ifc)c]cfc, so that the set S = {cjc], qCj, c-Cj/i, j = l,n} 
generates an so(2n) algebra. For a two-state system so(4, C) ~ sl(2, C) + 
si (2, C) is generated by 

J+ = c\c 2 , J = ^(cjci - 4c 2 ), J- = c\ci 
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and 




^0 = o( C l C l + C 2 C 2 - 1), P- = C 2 Cl 



An application of the coherent states generated by S can be found in [11]. 

7 Appendix 3: Symplectic actions and invari- 
ance 

Let (M, u) be a symplectic manifold, <3> a a symplectic action of the Lie group 
G on M, and Xh a Hamiltonian field on M, ix H ^> = dH. The equations of 
motion are called invariant to the action of G if 



When the equations of motion are invariant <&* a H — H = p(a) is a constant on 
M and p(ab) = p(a) + p(b), Va, b £ G, so that a h- >■ p(a) is a homomorphism 
of G into R. If G is compact then p(a) = 0, and H is invariant to the action 



The Poisson bracket of the functions /, g on M is {f,g} = cu(Xf,X g ) 
and 



f = df(X H ) = L XH f = u(X f ,X H ) = {f,H} . 

8 Appendix 4: The rigid body and geodesic 
motion 



Let {xi,i = 1,2,3} be the space coordinates in the laboratory frame, and 
{x' k = J2iRkiXi}, the coordinates in the rotated (intrinsic) frame. The rota- 
tion matrix R can be taken of the form R = e ^ j3 e 9Jl e' pj3 , where (ip, 9, (p) are 
the Euler angles, and the so(3, R) generators (Ji, J 2 , J 3 ) are 3x3 matrices 
with elements {Ji)ki = tiki, and commutation relations [Ji, Jk] = —tikiJi- 
If (ip, 9, (p) depend on time, then 



<5>* a X H = X H , VaeG . 



of G. 



d 
dt 



(foF t ) = {foF t ,H} 



or 



R = Rj2oo t J t = Y.u'iJiR 
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defines the angular velocity components Ui, uj\ (u k = J2iRki^i ) in the labo- 
ratory, respectively in the intrinsic frame. Explicitly, 

u)[ = 9 cos ip + (p sin 9 sin ip 

u>' 2 = —9smifj + ip sin 9 cos ip 
ui' z = ip + (p cos 9 . 

For the rigid body the kinetic energy is T = J2pqIpq UJ p oo q /2 = QijUiOJj/2, 
where L pq = I p 5 pq is the intrinsic moment of inertia (constant), and = 
Y,pqRi p l RjqIpq- Thus, L k = dT/dook, ( L' k = dT I du' k ) , are the angular 
momentum components, and with 

3 

9ij = X! e 'ikl^k9lj + tjklUkQli , 
k,l=l 

the conservation law L k — 0, k — 1, 2, 3, yields the Euler equations 

L' = L'xu' , 

or gio = L x uj. 

It is interesting to remark that if is considered as a metric tensor, and 

3 ginl 

^Tj = ~?r(9u,j + 9ji,i - 9ij,i) 
1=1 z 

as Christoffel symbols of a Riemannian connection, then for a geodesic 7(t), 
7 = rj, the equation fj m = — ^TjViVj takes the form grj = 2(gr)) x rj. 
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